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Abstract. The liability in inventory models decide of “how much or how many” of inventory items to order. The economic order 
quantity (EOQ) varies from one model to another, depending on assumptions and variables. This paper has developed the EOQ in 
deterministic inventory model of multi-item when the objective function is subjected to investment and capacity of shortage 
space constraints. The constraints are assumed to be active if the left hand side does not satisfy the right hand side condition. 
Thus, Lagrange method is used to find the new multi-item EOQ in each four models with each constraint to achieve the new 
formula of EOQ. 
 
Introduction 
The two traditional questions in inventory models that should be answered are, how much and when to order. In 
previous years, widely number of articles, papers and books has been published under wide variety of assumptions 
and conditions. By far the best known economic order quantity (EOQ) inventory model is the classical model 
develop by [1]. Although in practical the model has been used widely and successfully, it has been criticized for its 
unrealistic assumption [2]. One of the basic assumptions of the EOQ model is that the stock-out is not allowed. In 
addition to the demand and lead-time assumption which are constant or known. The EOQ model considers the trade-
off between ordering and warehouse cost in choosing the quantity to use inventory of replenish item. A huge order 
quantity will decrease ordering frequency; hence cost of the order per unit time is reduced. However it leads to 
increasing warehouse holding cost. Contrary to small order quantity, it decreases the holding cost but increases the 
ordering frequency as well as cost per unit. The order quantity which minimizes the cost is called Economic Order 
Quantity (EOQ). A four mixed integer linear programing models to support decision making of supply chain 
management for multi-item subject with multi-constraint when the supplier and shipper offer quantity and freight 
discount respectively showed by [3], they present possible collection of ascending quantity discount, ascending 
freight quantity discount, all-unit and all-weight in each mode. The models depend on the number of order function 
of piecewise linear approximation. The concept of fuzzy non-linear programing is used to find the solution of an 
EOQ model for restricted space and budget [4]. The optimal replenishment policy has investigates for multi-item 
EOQ under terms of permissible payment of delay, constraint of a budget. They presented mathematical models and 
solution of closed form for three situations (the negative, less than and greater than replenishment interval). The 
analyses showed that, it is more economical for the purchases to provide the whole payment even when the earned 
benefit is greater than the charged benefit  [5]. Others developed two deterministic “economic production quantity” 
EPQ models for deteriorate items which distributed Weibull with demand rate. They assumed the finite production 
rate is commensurate with the time dependent of mean demand and the cost production unit is inversely 
commensurate to the rate of the production [6]. For many years, the problem of classical EOQ discussed with 
variety forms and resolved by many researchers in books references, articles, etc. e.g.[7–9]. It starts from a simple 
model of single-item with related demand to unit price until multi-item with many constraints [10]. These processors 
are fully analytical and involve much arithmetic effort to get the optimality solution. In addition, the optimal policy 
of EOQ inventory model under constraint of maximum shortage level studied by [11], they proved that the cost of 
inventory per unit time for EOQ model with backlogging allowed is less than or equal to that of EOQ model when 
shortage is not allowed. Generally, they aim to investigate the effect of maximum shortage level constraint on the 
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EOQ. The quadratic time varying demand to develop two EOQ models used by [12], they assumed the lengths of 
sequent replenishment cycle are in arithmetic progression. Shortages studied in the first model, then derived the 
model without shortages and showed the results that aimed to calculate the optimum costs. The results showed the 
model with shortages allowed is economically beneficial.  
This paper aims to develop a mathematical model to determine a new value of EOQ of multi-item when the 
objective function is subjected to investment and capacity of shortage space constraints. This condition can be 
achieved when the left hand side of the constraint is not satisfy the right hand side, in other words, the left hand side 
is greater than the right hand side which mean the constraint is active. 
Model Description and Assumption  
This paper focused on the deterministic single item models in inventory control, which are intended, the classical 
economic order quantity, EOQ. The deterministic models in inventory control divided into four models with 
constant or static demand and zero lead-time assumption [13–18]. However, in this paper we developed only two 
models of deterministic single item inventory control model which they are (purchase with shortage and production 
with shortage). Before we start to classify these models in deterministic inventory control there are some 
assumptions and notations as follows: 
• Assumption 
 The following assumptions are made to develop the model 
• The replenishment is instantaneous for model 1 
• The replenishment is gradually for model 2 
• The demand is constant and known. 
• The lead-time equal to zero ( no lead-time) 
• The shortage is allow for both models  
• Notations 
       When reading the literature in inventory modeling, one of the significant difficulties is the standard set of 
variables and notation, therefore, we will use notation makes it easier. 
Q    Economic order quantity/ per order 
Z    the total inventory cost 
K    setup cost/ per order 
h    holding cost/ per unit and time = I*C 
C    unit cost 
I     inventory holding cost percentage (%)   
p    cost of shortage per unit and unit time 
    demand rate per unit and unit time 
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     production rate / per unit per unit time 
S   Maximum shortage quantity 
First Model, Purchases with Shortage 
The assumption in this model allows shortage to happen. Practically, this assumption is correct, because when 
we cannot satisfy all the demand already we face a shortage, and this shortage lead to fines imposition for the 
failure to meet the needs of the concerned party. The shortage can be loss profit or loss of the quantity in the store. 
Therefore, this model works to find the optimal EOQ and in the same time the maximum shortage quantity that 




Second Model, Production with Shortage  
 Also, the assumption of this model allows the shortage happen as the previous mode, but the replenishment is 





 Development Method of Deterministic Multi-item Inventory Model 
    In model description we considered deterministic single item inventory models and the EOQ equation for each 
model with assumption that the demand is constant and the lead-time is zero (no lead-time), which mean (j=1) 
where, (j) is the number of items. In this section we consider the same two models with the same assumption but 
when (n>1) i.e. for more than one item (multi-item) with the existence of investment and capacity of storage space 
constraints. Before dealing into the detail, we have some additional notation 
Qj = the EOQ for each item  j, j=1,2,….,n 
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Zj = the total cost for each item j, j=1,2,….,n 
A1 = maximum value of investment  
A2 = capacity of storage space allowed for each item j, j=1,2,….,n 
Cj= the investment for each item   j, j=1,2,….,n 
fi = required space for each item j, j=1,2,….,n 
And all other variables as we noted previously will change for multi-item (j, j=1,2,….,n). 
Now, the constraint of investment can be presented as follows: 
 
And the capacity of storage space constraint is 
 
Deterministic multi-item inventory model with constraints is achieved when the left hand side of the (7 and 8) does 
not satisfy the right hand side, i.e. when it is greater than the right hand side, therefore, the constraints is active. 
Hence we replace EOQ (Q) in Equation (1 and 4) by (Qj) for multi-item and all the variables in these equations for 
the same purposes. In this situation we need to fine the new value of (Qj) and this done by using Lagrange method. 
Thus, the objective function can be expressed as total cost function f(x) for the two models with the existing 
constraints.  
First Model with Investment Constraint    
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The problem in equation (10) is the unknown value of Lambda. Where, there are two ways to find the value of . 
The first way is by using the trial and error compensation method by giving a value to  starting with zero until it 
achieves the constraint condition or be as close as possible, whether positive or negative. The second way is by 






Second Model with Investment Constraint 
      Applying the similar approach as in purchase with shortage model, the investment constraint is applied on 
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First Model with Capacity of Storage Space Constraint  
     By the similar approach as in first model with investment constraint, the capacity of storage space constraint is 
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Second Model with Capacity of Storage Space Constraint 
By the similar approach as in previous section, the capacity of storage space constraint is applied on second 











Example: To illustrate the result of above theory, the parameters illustrate the concept of first model with 
investment constraint per week. However, Table 1 below shows all the parameters of the model with total allowed 
investment is 125 thousand dollars.  
 
TABLE 1.  Given parameters of the three items per week with total allowed 
investment $125 thousands 
Items         
1 33 25 1 1 3 14 
2 24 18 1.5 0.5 6 13 
3 20 20 2 2.5 8 12 
030005-7 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
103.5.182.30 On: Mon, 04 Jan 2016 01:33:01
 
 
First of all, we find the for the three items by applying equation 10 assuming  to show the constraint is 
active or not. Therefore, / week, / week and / week. Thus, 
. When the constraint is not satisfying the condition, means the constraint is 
active. Therefore, we should fine the new for each item with the new value of Lambda.  See Table 2 for results. 
TABLE 2.  Results of the new when  
Items / week 
 1 40.80248 
2 35.09087 
3 26.64553 
Depending on the allowable total investment, the values of the EOQ per week decreased for each item. These new 
values of EOQ are optimal when  , which means optimal exploitation of the investment.  
Conclusion and Future Work 
This paper has developed and analyzed two deterministic inventory models (purchase with shortage, and production 
with shortage) when they are subjected to investment and capacity of shortage space constraints to find the new 
equation or value of EOQ. The numeric advantage of using these equations are very important and necessary when 
we cannot  exceed the total investment and the total allowed area, therefore, we must extract these new equations of 
the EOQ for optimum exploitation of the investment and storage area also do not exceed these two constraints The 
findings show that, the two constraints with each inventory models that we presented can help the decision maker to 
find the optimal EOQ for each item in each model by using Lagrange method, thus, the optimal quantity of shortage 
and the minimum total cost. The new EOQ can be applied in many real situations like general warehouses, storage 
in supermarkets, production storage which stores more than one item and need more space and specific decisions 
about the EOQ. For the future work we suggest to find the new EOQ in each of the four models (purchases without 
shortage, production without shortage, purchases with shortage and production with shortage) when they are 
subjected to annual demand constraint and number of items constraint.  
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